We study timelike surfaces in Anti de Sitter 3-space as an application of singularity theory. We define two mappings associated to a timelike surface which are called a Anti de Sitter nullcone Gauss image and a Anti de Sitter torus Gauss map. We also define a family of functions named the Anti de Sitter null height function of the timelike surface. We use this family of functions as a basic tool to investigate the geometric meanings of singularities of the Anti de Sitter nullcone Gauss image and the Anti de Sitter torus Gauss map.
Introduction
This paper is written as one of the research projects on differential geometry of submanifolds in Anti de Sitter 3-space from the viewpoint of singularity theory. It is well known that Minkowski space is a flat Lorentzian space form and de Sitter space is the Lorentzian space form with positive curvature. There are several articles for the study of submanifolds in these two Lorentzian space forms [10, 12, 13, 14, 15] . The Lorentzian space form with the negative curvature is called Anti de Sitter space which is one of the vacuum solutions of the Einstein equation in the theory of relativity. Singularity theory tools, as illustrated by several papers which appeared so far ( [2, 4, 5, 6, 7, 9, 10, 11, 16, 20, 21, 22, 23, 25, 28, 29, 30] ), have proven to be useful in the description, of geometrical properties of submanifolds immersed in different ambient spaces, from both the local and global viewpoint. The natural connection between Geometry and Singularities relies on the basic fact that the contacts of a submanifold with the models (invariant under the action of a suitable transformation group) of the ambient space can be described by means of the analysis of the singularities of appropriate families of contact functions, or equivalently, of their associated Lagrangian and/or Legendrian maps ( [1, 24, 26] ). However, there are not much results on submanifolds immersed in Anti de Sitter space, in particular from the view point of singularity theory. We remark that although Anti de Sitter space is diffeomorphic to de Sitter space, their causalities are quite different. In [8] we have studied the spacelike surfaces in Anti de Sitter 3-space as an application of Legendrian singularity theory. We construct a basic framework for the study of timelike surfaces in Anti de Sitter 3-space here. As it was to be expected, the situation presents certain peculiarities when compared with the Minkowski case and the de Sitter case. For instance, in our case it is always possible to choose two lightlike normal directions along the timelike surface in the frame of its normal bundle. This is similar to the de Sitter case, but the normalized image is located in the Lorentzian torus T In §2 we prepare the basic notions on timelike surfaces in Anti de Sitter 3-space. We define the Anti de Sitter nullcone Gauss image (briefly, AdS-nullcone Gauss image) and Anti de Sitter torus Gauss map (briefly, AdS-torus Gauss map). We will find the AdS-nullcone Gauss image is more computable than the AdS-torus Gauss map. We also define the Anti de Sitter null GaussKronecker curvature and Anti de Sitter torus Gauss-Kronecker curvature. We investigate their relations. We can prove that Anti de Sitter torus Gauss-Kronecker curvature is not a Lorentz invariant but it is an SO(2)×SO(2)-invariant. Moreover, these two Gauss-Kronecker curvatures have the same zero points set. In §3 We introduce the notion of height functions on timelike surfaces, named AdS-null height function, which is useful to show that the AdS-nullcone Gauss image has a singular point if and only if the Anti de Sitter null Gauss-Kronecker curvature vanished at such point. In §4 We apply mainly the Legendrian singularity theory to interpret the AdS-nullcone Gauss image as a Legendrian map. In §5 we define a surface, named Anti de Sitter torus cylindrical pedal, as a tool to study the relationship between the AdS-nullcone Gauss image and the AdS-torus Gauss map. We also study the contact of timelike surfaces with some model surfaces (i.e., AdS-horospheres) in §6. In §7 we give a generic classification of singularities of AdS-nullcone Gauss image and AdS-torus Gauss map. In the last part, §8, we introduce the notion of the AdS-null Monge form of a timelike surface in Anti de Sitter 3-space and as an application of this notion we give two examples.
We shall assume throughout the whole paper that all the maps and manifolds are C ∞ unless the contrary is explicitly stated.
The local differential geometry of timelike surfaces
In this section we introduce the local differential geometry of timelike surfaces in Anti de Sitter 3-space. For details of Lorentzian geometry, see [27] .
Let R
x is timelike For a vector n ∈ R 4 2 and a real number c, we define the hyperplane with pseudo-normal n by
We call HP (n, c) a Lorentz hyperplane, a semi-Euclidean hyperplane with index 2 or a null hyperplane if n is timelike, spacelike or null respectively. We now define Anti de Sitter 3-space (briefly, AdS 3-space) by
a unit pseudo 3-sphere with index 2 by
and a closed nullcone with vertex a by
2 | x − a, x − a = 0}. In particular we call Λ 0 the nullcone at the origin. We also define the Lorentz torus by T
2 , we define a vector X 1 ∧ X 2 ∧ X 3 by 
We now study the extrinsic differential geometry of timelike surfaces in Anti de Sitter 3-space. Let X : U −→ H is an open subset. We denote M = X(U ) and identify M with U through the embedding X. The embedding X is said to be timelike if the induced metric I of M is Lorentzian. Throughout the remainder in this paper we assume that M is an timelike surface in H 3 1 . We define a vector N (u) by
By definition, we have
Since the embedding is timelike and
. This map is analogous to the hyperbolic Gauss indicatrix of hypersurfaces in H n + (−1) which was defined in [11] . Here, we call it the Anti de Sitter nullcone Gauss image (briefly, AdS-nullcone Gauss image) of X(or M ). We also define a map
We call it the Anti de Sitter torus Gauss map (or, AdS-torus Gauss map) of X.
We remak that the map G ± n (u) was used by S. Lee [17] to study the timelike sufaces of constant mean curvature ±1 in Anti de Sitter 3-space. He called G ± n (u) the hyperbolic Gauss map. By a direct calculation we know that G ± n is constant if and only if G ± n is constant. It is easy to show that N u i (i = 1, 2) are tangent vector of M . Therefore we have a linear transformation S
Under the identification of U and M , the derivation dX(u) can be identified with the identity mapping id TpM , this means that S 
. By a straightforward calculation we have the relation S
We also say that M = X(U ) is totally umbilic if all points on M are umbilic.
We now consider the geometric meaning of the AdS-nullcone Gauss image of a timelike surface. First, we consider a surface given by the intersection of H 3 1 with hyperplane HP (n, c). We denote it by AH(n, c) = H 3 1 ∩ HP (n, c) and call it a Anti de Sitter pseudohyperbolid with index 1 (briefly, AdS-pseudohyperboloid ), a Anti de Sitter pseudosphere with index 1 (briefly, AdS-pseudosphere) or a Anti de Sitter horosphere (briefly, AdS-horosphere ) if n is spacelike, timelike and n < |c| or null respectively. Especially, we call AH(n, 0) the Anti de Sitter small pseudohyperbolid with index 1 (briefly, AdS-small pseudohyperboloid ) if n is spacelike and c = 0. Then we have the following proposition. 
We also have the following classification theorem on umbilic points.
Under this condition, we have the following classification.
(
The proof is almost the same as that of Proposition 2.3 in [11] , so that we omit it. We also call a point p ∈ M the Anti de Sitter horospherical point (briefly, AdS-horospherical point) if k
We now introduce the pseudo-Riemannian metric ds
We can also show the following Weingarten formulas by exactly the same arguments as those of [8, 11, 15] .
Proposition 2.3 With the above notation, we have the followings
(1) Anti de Sitter null Weingarten formula:
(2) Anti de Sitter torus Weingarten formula:
As a corollary of the above proposition, we have the following expression of the AdS-null G-K curvature and AdS-torus G-K curvature .
Corollary 2.4 With the same notations as in the above Proposition, we have:
K ± AdSn = det(h ± ij ) det(g ij ) = ξ 2 det( h ± ij ) det(g ij ) = ξ 2 K ± AdSt . 2
Height functions on timelike surfaces
In this section we define two families of functions on a timelike surface in Anti de Sitter 3-space which are useful for the study of singularities of AdS-nullcone Gauss image and AdS-torus Gauss map. Let X : U −→ H 3 1 be a timelike surface. We define a family of functions H : (
(2) By definition, we have
From the AdS-null Weingarten formula, we have
Then assertion (2) is satisfied.
(3) By the AdS-null Weingarten formula, p is an umbilic point if and only if there exists an orthogonal matrix
A such that A t ((h ± ) l i )A = k ± I. Therefore, we have ((h ± ) l i ) = Ak ± IA t = k ± I. Then we have Hess(h v ± 0 )(u 0 ) = (h ± ij (u 0 )) = ((h ± ) l i (u 0 ))(g lj (u 0 )) = k ± (g ij (u 0 )). Thus, p = X(u 0 )
is a AdS-horospherical point if and only if rankHess(h v
As an application of the above proposition, we have the following direct corollary.
, then the following conditions are equivalent:
We can also define another family of functions H : 
Then the following conditions are equivalent:
AdS-nullcone Gauss images as Legendrian maps
In this section we naturally interpret the AdS-nullcone Gauss image of M as a Legendrian map in the framework of Legendrian singularity theory. We give a brief review on Legendrian singularity theory mainly due to Arnold and Zakalyukin [1, 32] . The main tool of Legendrian singularities theory is the notion of generating families. Let
) be a function germ. We say that F is a Morse family of hypersurfaces if the mapping
. In this case we have a smooth (n − 1)−dimensional submanifold,
and the map germ
is a Legendrian immersion germ. Then we have the following fundamental theorem of Arnold and Zakalyukin [1, 32] . We call F a generating family of L F (Σ * (F )). Therefore the corresponding wave front is
We sometimes denote D F = W (L F ) and call it the discriminant set of F . Now we can apply the above arguments to our situation. First, we have the following principle property with respect to the AdS-null height function H.
Proposition 4.2 The AdS-null height function
Without loss of the generality, we
. We have to prove the mapping
is non-singular at any point. The Jacobian matrix of ∆ * H is given as follows:
We claim that it will suffice to show that the determinant of the matrix
(0). In this case, v = G ± n (u) and we denote
Then we have
On the other hand, we have 
as coordinate representations. We define a smooth mapping G
. Then by the above proposition we have the following corollary. 
The AdS-torus cylindrical pedals of timelike surfaces
In this section we consider a surface associate to M = X(U ), whose singular points set is diffeomophism to those of AdS-nullcone Gauss image. We can use this surface to investigate the relationship between the AdS-nullcone Gauss image G
).
We call it the AdS-torus cylindrical pedal of M = X(U ), where R * = R\{0}. We define a diffeomorphism φ :
we call it the extended AdS-torus height function on M = X(U ). By the similar calculation to the proof of Proposition 3.1(1), we have
On the other hand, we consider the canonical projection π 1 :
. Then we have π 1 |D H can be identified with the AdS-torus Gauss map G ± n of X. Since
Therefore, we may say that the AdS-nullcone Gauss image G ± n is a lift of the AdS-Gauss map G ± n . In fact, we also have
We remark that similar discussions apply to the extended AdS-torus height function H and AdS-torus height function H, we have H and H are Morse family. On the other hand, for
1 , we consider a coordinate neighborhood U
and
According by these definitions we have L H is a Legendrian embedding whose generating family is the extended AdS-torus height function H and L e H is a Lagrangian embedding whose generating family is the AdS-torus height function H. The details on Lagrangian singularities can be found in [1, 32] . We now consider the canonical projection π : ). We also have the following relation:
H(u, v, λ).
This means that H • (id U × φ) and H are C-equivalent in the sense of Mather [18] . So that these generating families correspond to the same Legendrian submanifold (cf., [1, 32] . Then we have a unique contact diffeomorphism Φ :
Contact with AdS-horospheres
In this section we consider the geometric meaning of the singularities of the AdS-nullcone Gauss image of a timelike surface M = X(U ) in H 3 1 . We consider the contact of timelike surfaces with AdS-horosphere type surfaces. We now briefly review the theory of contact due to Montaldi [24] . Let X i , Y i (i = 1, 2) be submanifolds of R n with dimX 1 = dimX 2 and dimY 1 = dimY 2 . We say that the contact of X 1 and Y 1 at y 1 is the same type as the contact of X 2 and Y 2 at y 2 if there is a diffeomorphism germ Φ : (R n , y 1 ) −→ (R n , y 2 ) such that Φ(X 1 ) = X 2 and Φ(Y 1 ) = Y 2 . In this case we write K(X 1 , Y 1 ; y 1 ) = K(X 2 , Y 2 ; y 2 ). It is clear that in the definition R n could be replaced by any manifold. In his paper [24] , Montaldi gives a characterization of the notion of contact by using the terminology of singularity theory.
For the definition of the K-equivalent, See Martinet [19] . We now consider a function H:
and we define the AdS-horosphere by h
We also have relations
for i = 1, 2. This means that the AdS-horosphere AH(v (
We now consider the contact of M with tangent AdS-horosphere at p ∈ M as an application of Legendrian singularity theory. We introduce an equivalence relation among Legendrian immersion germs. Since the Legendrian lift i : (L, p) ⊂ (P T * R n , p) is uniquely determined on the regular part of the wave front W (i), we have the following proposition due to Zakalyukin [33] .
p ) be Legendrian immersion germs such that regular sets of π • i and π • i respectively are dense. Then i and i are Legemndrian equivalent if and only if wave front sets W (i) and W (i ) are diffeomorphic as set germs.
We remark that the assumption in the above proposition is a generic condition for i and i . In particular, if i and i are Legendrian stable, then these satisfy the assumption.
We can interpret the Legendrian equivalence by using the notion of generating families. We denote E n the local ring of function germs (R 
where
The main result in the theory of Legendrian singularities [1, 32] is the following:
By the uniqueness result of the K-versal deformation of a function germ, Proposition 6.3 and Theorem 6.4, we have the following classification result of Legendrian stable germs in the appendix of [11] . For any map germ f : (R
Then we have the following proposition. 
We have the tools for study of the contact of timelike surfaces with AdS-horospheres. Let G z 2 ) are Legendrian equivalent. This condition is also equivalent to the condition that two generating families H 1 and H 2 are P −K equivalent by Theorem 6.4. Here,
On the other hand, we denote h i,v
are K-equivalent. Therefore, we can apply the above arguments to our situation. We denote by Q ± (x, u 0 ) the local ring of the function germ h v
. We remark that we can write the local ring explicitly as follows:
where C ∞ u 0 (U ) is the local ring of function germs at u 0 with the unique maximal ideal M u 0 (U ). 
) be timelike surface germs such that the corresponding Legendrian embedding germs G
For a timelike surface germ X : (U, u 0 ) −→ (H 
From the above proposition, the diffeomorphism type of the tangent AdS-horospherical indicatrix germ is an invariant of A-classification of the AdS-nullcone Gauss image germ of X. Moreover, we can borrow some basic invariants from the singularity theory on function germs. We need K-invariants for a function germ. The local ring of a function is a complete K-invariant for generic function germs. It is, however, not a numerical invariant. The K-codimension of a function germ is a numerical K-invariant of function germs. We denote
. However, We call it the order of contact with tangent AdS-horosphere type surface at X(u 0 ). We also have the notion of corank of function germs: has the A k −singularity at u 0 and is generic. In this case we have Ah ± -ord(X, u 0 ) = k. This number is equal to the order of contact in the classical sense (cf., [3] ). This is the reason why we call Ah ± -ord(X, u 0 ) the order of contact with the AdS-horosphere type surface at X(u 0 ).
Classification of singularities of AdS-nullcone Gauss images
In this section we give the generic classification of singularities of AdS-nullcone Gauss images. We have almost the same arguments as those of [11] , so that we omit the details. We consider the space of timelike embeddings Emb T (U, H (1) The AdSh Figure 1 ).
Cuspital edge
Swallowtail Figure 1 Following the terminology of Whitney [31] , we say that a timelike surface X : U −→ H 3 1 has the excellent AdS-nullcone Gauss image G ± n , the AdS-nullcone Gauss image G ± n has only cuspidal edges and swallowtails as singularities.
We now consider the geometric meanings of cuspidal edges and swallowtails of the AdSnullcone Gauss image. We have the following results analogous to the results of [11] . Suppose that u 0 is an AdSh ± -parabolic point, by Proposition 5.1, the AdS-torus Gauss map has only folds or cusps. If the point u 0 is a fold point, there is a neighborhood of u 0 on which the AdS-torus Gauss map is 2 to 1 except the AdSh ± -parabolic line (i.e, fold curve). By Lemma 6.2, the condition (3)(e) holds. If the point u 0 is a cusp, the critical value set is an ordinary cusp. By the normal form, we can understand that the AdS-Gauss map is 3 to 1 inside region of the critical value. Moreover, the point u 0 is in the closure of the region. This means that the condition (4)(e) is satisfied. We can also observe that near by the cusp point, there are 2 to 1 points which approach to u 0 . However, one of those points are always AdSh ± -parabolic points. Since other singularities do not appear in this case, so that the condition (3)(e) (respectively, (4)(e)) characterizes a fold (respectively, a cusp).
For the swallowtail, point u 0 , there is a self-intersection curve approaching u 0 . On this curve, there are two distinct points u 1 and u 2 such that G ± n (u 1 ) = G ± n (u 2 ). By Lemma 7.2, this means that the tangent AdS-horospheres to M = X(U ) at u 1 and u 2 are equal. Since there are no other singularities in this case, the condition (4){(f )} characterizes a swallowtail point of G ± n . This completes the proof. 2
AdS-null Monge form
The notion of the Monge form of a surface in Euclidean 3-space is one of the powerful tools for the study of local properties of the surface from the view point of differential geometry.In this section we consider the analogous notion for a timelike surface in H where g ∈M 
